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Abstract
We study the infrared properties of a class of non supersymmetric gauge
theories with the same eld content of N = 4 Super Yang-Mills and we show
that the N = 4 supersymmetric model represents an IR unstable xed point
for the renormalization group equations.
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1 Introduction.
In this letter we analyse the infrared stability of N = 4 supersymmetric gauge theories.
We consider the embedding of the supersymmetric theory in a space of more general
models which have the same eld content and gauge group as the supersymmetric one,
but do not possess any supersymmetry. The symmetric theory is a xed point of the
renormalization group equations. We discuss the infrared stability of such a solution.
It has been a long standing idea that the renormalization group flow could lead to a
more symmetric phase in the infrared (or in the ultraviolet). This idea has been applied
to several models [1, 2, 3, 4, 5, 6], among which supersymmetric gauge model [7, 8]. In
cases where the models considered have a residual N = 1 supersymmetry more powerful
methods exist which rely on the holomorphicity properties of the models and the structure
of the exact beta functions [9, 10]. This approach is also related to problems like the
analysis of the stability of BRS gauge invariant theory [11] or the treatment of QCD
with boundaries [12]. Moreover, there are recent examples [13] of gauge theories in
dierent dimensions which are conjectured to flow in the IR to non-trivial xed points
with enhanced global symmetries.
In this letter we limit ourselves to the perturbative analysis of the RG flow in a class
of gauge theories which represents a neighborhood of N=4 supersymmetric gauge theory.
All these models admit a lagrangian description and we consider only renormalizable
theories (for an analysis of infrared stability for supersymmetric theories in terms of non
renormalizable eective lagrangians, see [14]).
We concentrate our attention on the stability of N = 4 super Yang-Mills with gauge
group SU(2). This model has already been studied [8] in the case of a residual N = 1
supersymmetry and turned out to be IR stable, while for groups others than the so
called safe algebras the same model gave an unstable N = 4 xed point. We check that
the stability in the case of SU(2) can be ascribed to the residual supersymmetry of the
model. We nd indeed that if we do not impose an N = 1 residual supersymmetry, the
N = 4 supersymmetric theory becomes un IR unstable xed point even in the case of
safe algebras.
In this letter we limit ourselves to the perturbative regime of this class of models
and we consider only renormalizable theories (for an analysis of infrared stability for
supersymmetric theories in terms of non renormalizable eective lagrangians, see [14]).
In section 2 we briefly review the results for the N = 1 supersymmetric case. In
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section 3 we extend this analysis to the case of a general non supersymmetric model and
we show that the N = 4 xed point is unstable.
2 N = 1 supersymmetric case.
N = 4 supersymmetric gauge theories can be thought of as N = 1 gauge theories with






(i = 1; 2; 3;a = 1; : : : ; dimG), coupled through the superpotential "ijkTr(
i[j ;k]).
The group generators Ta are in the fundamental representation. N = 4 supersymmetry
forces the coupling  of the chiral superpotential to be equal to the gauge coupling g.
One can relax the N = 4 constraint and consider a more general family of models:
they have the same eld content as N = 4 Super Yang-Mills (three chiral superelds and
one vector supereld), are invariant under the gauge group G and still realize only one
of the four supersymmetries.





















d2Tr(ifj ;kg)) + h:c:) +
+LG:F + LF:P (1)
where fijk is a totally symmetric constant tensor, W = D
2(e−gVDe
gV ) is the gauge eld
strength, and LG:F ;LF:P are the usual gauge xing and ghost supereld Lagrangians [15,
16].
The two terms Tr(i[j ;k]) and Tr(ifj ;kg) are the most general renormalizable
interactions compatible with N = 1 supersymmetry.
The former term is the usual N = 4 potential for the scalar superelds, while the
latter, forbidden in extended supersymmetry, is non zero only for G = SU(N  3) or
E8, i.e. for groups that admit a totally symmetric invariant tensor.
N = 4 supersymmetry [17] is recovered for the following values of the parameters
 = g fijk = 0 8i; j; k
and represents a line of xed point of the renormalization group equations, which, at one






2 − g2): (2)
The behaviour of the beta functions in the parameter space around the line of xed
points shows that their stability relies on the presence of the coupling fijk and is therefore
gauge group dependent: for safe algebras [18], which do not allow for the fijk coupling,
N = 4 theory is an infrared attractor, while it is not an attractor, neither infrared nor
ultraviolet, for other groups (SU(N) or E8). Similar results can also be obtained, without
any recourse to explicit one loop computation, from simple considerations on the form
of the beta functions and the properties of N = 1 supersymmetry [10].
3 Nonsupersymmetric case.
It is likely that the infrared stability of the xed points line in the case of safe algebras
is simply a consequence of the N = 1 residual supersymmetry. This is indeed suggested
by a similar analysis carried out in [7] on a class of gauge theories with the same eld
content as N = 2 Super Yang-Mills, which shows that the supersymmetric theory is an
infrared unstable xed point.
In the case of interest here, i.e. SU(2) gauge group, N = 1 supersymmetry forces the
parameter space to be two dimensional: the gauge and the Yukawa coupling constants.
Without any supersymmetry constraint there are many more interactions allowed
among the elds of the model. It is possible that some of these new couplings turns out
to be relevant in the neighborhood of the xed point, introducing instability directions.
We consider the simplest renormalizable model one can build out of the same elds
as N = 4 super Yang-Mills but without N = 1 supersymmetry. We assume non abelian
gauge invariance to be an exact symmetry of our class of models; it could eventually be
spontaneously broken at one loop [19, 8, 7].
We choose to work in four component notation, where the N = 4 multiplet is repre-
sented by [16]:
 A is the gauge vector, with eld strength F = @A − @A + ie[A; A ];
  is a Majorana fermion which represents the gaugino,
  i,(i = 1; 2; 3), are matter Majorana fermions,
 Ai,(i = 1; 2; 3), are three matter scalars,
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 Bi (i = 1; 2; 3) are three matter pseudoscalars.
All elds are in the adjoint representation of SU(2). With this choice of the elds, the




















"ijk(  i[ j ; Ak]−  iγ5[ j ; Bk])g − f1[Tr(AiAi +BiBi)]
2 +
+ 2(f1 − f2)[Tr(AiAi)Tr(BiBi)− (Tr(AiBi))
2] + f3[Tr(AiAj +BiBj)]
2 +
+ 2(f5 − f3)[Tr(AiAj)Tr(BiBj)− Tr(AiBj)Tr(AjBi)] +
+ 2f4[(Tr(AiBj))
2 − Tr(AiBj)Tr(AjBi)] + LG:F + LF:P (3)
where the covariant derivative is dened as D = @ + ie[A; ] and the gauge xing and
ghost Lagrangians are the usual ones [20].
Radiative corrections and one loop renormalizability require the introduction of the
additional gauge invariant interactions between scalars and pseudoscalars. In facts, these
are all the possible independent interactions terms renormalizable by power counting that
one can construct out of the scalars and the pseudoscalars of the model.
In principle, we could have considered a more general Lagrangian with an independent
coupling constant for each interaction term, getting a larger parameter space.
The particular choice of the coupling constants of eq. (3) is a consequence of an
additional U(1) symmetry we imposed on the Lagrangian in order to get the simplest
possible model which exhibits an unstable behaviour.
This is a non anomalous R-symmetry of the original N = 4 Lagrangian, which leaves
the vector eld unchanged and acts on the other elds as










The U(1) symmetry makes the scalars and pseudoscalars interactions symmetrical
and so it reduces the parameter space of the theory: the Yukawa terms for A e B have
the same coupling constant and the four scalars (pseudoscalars) couplings are related to
the mixed terms A2B2.
4
Lagrangian (3) reduces to the usual N = 4 on-shell Lagrangian [17] when
f5 = 0; g = e = ; fi = g
2 i = 1; : : : ; 4;
while we recover the N = 1 models of Antoniadis et al.(eq. (1)) [8] for
f5 = 
2 − g2; e = ; fi = 
2 i = 1; : : : ; 4:
To determine the xed points of the model, we need to nd the zeros of the beta func-
tions for the various couplings. We calculate them at one loop in the minimal subtraction
scheme with dimensional regularisation.
At one-loop level the presence of the new quartic terms in the Lagrangian does not
aect the propagators and the 1PI functions which enter the computation of the beta-
functions for the Yukawa coupling constant . So we expect to nd the same  as in the
N = 1 case. Similarly, since the one-loop beta function for the gauge coupling depends
only on the eld content of the model, which is kept the same as in N = 4, we reproduce
the g = 0 result of N = 4 case.
In the analysis of the infrared behaviour of this class of models, we are interested
in the relative evolution of the various coupling parameters with respect to the scale
independent gauge coupling g (g = 0). To this purpose it is more convenient to dene










i = 1; : : : ; 5 (5)







2(−24F1 + 16F1 + 16EF1 + 6− 8
2 − 8E2 − 16E +






5 − 8F2F5 + 8F4F5 − 28F1F3 +
−4F3F4 − 4F2F3 + 8F
2
3 − 4F1F5 − 4F3F5 − 8F2F4)
F2 = hg
2(−24F2 + 16F2 + 16EF2 + 6− 8
2 − 8E2 − 16E +
+36F1F2 + 10F
2
2 − 4F1F3 − 28F2F3 − 12F1F5 + 4F3F5 +
+2F 25 + 2F
2





2(−24F3 + 16F3 + 16EF3 − 6 + 8
2 + 8E2 +









2(−24F4 + 16F4 + 16EF4 − 6 + 8
2 + 8E2 +
−16E + 8F1F3 + 20F2F4 − 8F2F3 − 10F
2
3 + 12F3F5 +
−2F 25 − 16F
2
4 + 4F1F4 − 8F4F5)
F5 = hg
2(−24F5 + 16F5 + 16EF5 + 8
2 + 8E2 +
−16E + 8F1F3 + 4F1F5 − 8F2F3 + 20F2F5 − 10F
2
3 +
−16F 25 − 2F
2
4 − 8F4F5 + 12F3F4) (6)
where h = 162.
One can easely check that the point corresponding to the N = 4 "phase"
F5 = 0; E =  = Fi = 1 i = 1; : : : ; 4;
is indeed a solution of system (6), while a numerical analysis of the same system shows the
existence of other 25 xed point solutions in addition to the N = 4 supersymmetric one.
They all correspond to ordinary gauge eld theories with Yukawa and scalar interactions,
without any supersymmetry.
It is therefore excluded the possibility that the class of models we considered could
flow to a N = 1 or N = 2 supersymmetric theory. The question is now whether the
N = 4 xed point is stable or not.
The stability properties of a xed point are determined by the linearization of the
renormalization group equations (6), that control the behaviour of the couplings in the
neighbourhood of the xed point. More precisely, the xed point is stable in the infrared
if the matrix representing the linearized system has all positive eigenvalues.
We computed eigenvalues and eigenvectors of the linearized system around each xed
point. For simplicity we list here the main results only.
The N = 4 xed point represents a saddle point in the parameter space. The lin-
earized system around this point has indeed one negative eigenvalue:
1 = −3 2 = 3 = 4 = 6 5;6 = 3
p
3 7 = 16: (7)
The corresponding eigenvector represents an instability direction in the parameter space.
Moreover we nd that, moving to the infrared along this instability direction the system
6
is attracted toward a non supersymmetric xed point, characterized by the following
values of the couplings:
E =  = 1; F1 = F2 = 0:757; F3 = F4 = 0:352; F5 = 0; (8)
This point turns out to be the unique IR stable xed point. All the others points are
neither infrared nor ultraviolet attractors.
Combining this result with the previous ones [7, 8], we draw the conclusion that
supersymmetric gauge theory are always unstable in the infrared, though attractive, for
every choice of the gauge group.
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